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 Point Estimation

Methode of Moments: 

 ∅  ∅k∅

μ′



′
1

𝑛
∑ 𝑥

𝑘
𝑖𝑛

𝑖=1

≈

𝜇 𝜇�̂�

�̂�
𝑚

20
𝜇

𝜇′ ′  𝜇

𝜇~𝜎;𝜇σ

𝜇′

′  𝜇 𝜎

′
1

𝑛
∑ 𝑥𝑖𝑛
𝑖=1 �̅� ⇒ �̅�  𝜇

′
∑ 𝑥𝑖2𝑛
𝑖=1

𝑛



�̅� 𝜇

1

𝑛
∑ 𝑥𝑖𝑛
𝑖=1𝜎𝜇

𝜇
1

𝑛
∑ 𝑥𝑛
𝑖=1𝜎

�̅�
1

𝑛
∑ 𝑥𝑛
𝑖=1�̂�

�̂� √
1

𝑛
∑ (xi𝑛
𝑖=1 − (�̅�)2)

𝜎

≈ 𝜆 𝜆

 𝜆

1

𝑛
∑ 𝑥𝑛
𝑖=1 �̅�

�̅�𝜆𝜆

�̂� �̅�  𝜆



θ

𝜃 𝜃 𝜃 𝜃 𝜃

∏ f (xi , 𝜃) 𝑛
𝑖=1

𝜃𝜃

𝜃

𝜃

 𝜃 𝜃𝜃

∂𝐿(𝜃)

∂θ1

∂𝐿(𝜃)

∂θ2

∂𝐿(𝜃)

∂θn

∂2𝐿(𝜃)

∂θ1
2 <

∂2𝐿(𝜃)

∂θ2
2 <

∂2𝐿(𝜃)

∂θn1
2<

𝜃

μσ2μσ2

μ σ2 ∏ 𝑓(𝑥𝑖
𝑛
𝑖=1 , 𝜇, σ2) ∏

1

σ√2π

𝑛
𝑖=1 𝑒

(𝑥𝑖−𝜇)
2

2𝜎2

[
1

𝜎√2𝜋
] 𝑒

−
∑(𝑥𝑖−𝜇)

2

2𝜎2



μ σ2 σ2 √2𝜋
1

2𝜎2
∑ (𝑥𝑖 − 𝜇)

2𝑛
𝑖=1

𝑛

2
σ2 √2𝜋

1

2𝜎2
∑ (𝑥𝑖 − 𝜇)

2𝑛
𝑖=1

μ σ2 𝜇

σ2

∂

∂μ
[𝑙𝑛𝐿(𝜇, 𝜎2)]

∂

∂𝜎2
[𝑙𝑛𝐿(𝜇, 𝜎2)]

∂

∂μ
[𝑙𝑛𝐿(𝜇, 𝜎2)]

1

2𝜎2
∑ (𝑥𝑖 − 𝜇)
𝑛
𝑖=1

1

𝜎2
∑ (𝑥𝑖 − 𝜇)
𝑛
𝑖=1 𝜎2 ≠ 0

∑ (𝑥𝑖 − 𝜇)
𝑛
𝑖=1

∑ 𝑥𝑖
𝑛
𝑖=1 𝜇

�̂�
1

𝑛
∑ 𝑥𝑖
𝑛
𝑖=1 �̅�

𝜆

∂𝐾(𝜆)

∂𝜆

∑ 𝑥𝑖
𝑛
𝑖=1

𝜆

∑ 𝑥𝑖
𝑛
𝑖=1

𝜆

 𝜆 = 𝑛∑𝑥𝑖            ⇒ �̅�
∑ 𝑥𝑖
𝑛
𝑖=1

𝑛
 𝜆 ⇒ �̅� =  𝜆

𝜆 = �̅�

 𝜆�̅�𝜆



∏ 𝑝𝑥𝑖𝑛
𝑖=1 𝑞1−𝑥𝑖 ⇒ 𝑝∑ 𝑥𝑖𝑛

𝑖=1 (1 − 𝑝)∑ 𝑥𝑖𝑛
𝑖=1

p∑ 𝑥𝑖𝑛
𝑖=1 (1 − 𝑝)∑ 𝑥𝑖𝑛

𝑖=1

∑ 𝑥𝑖𝑛
𝑖=1 ∑ 𝑥𝑖𝑛

𝑖=1

∂𝐾(𝜆)

∂𝑝

∑ 𝑥𝑖
𝑛
𝑖=1

𝑝

−n∑ 𝑥𝑖
𝑛
𝑖=1

1−𝑛

∑ 𝑥𝑖
𝑛
𝑖=1

𝑝

−n∑ 𝑥𝑖
𝑛
𝑖=1

1−𝑛
          ⇒

(1−𝑝)∑ 𝑥𝑖−𝑝(𝑛−∑ 𝑥𝑖
𝑛
𝑖=1 )

𝑛
𝑖=1

𝑝(1−𝑝)

(1−𝑝)∑ 𝑥𝑖−𝑝(𝑛−∑ 𝑥𝑖
𝑛
𝑖=1 )

𝑛
𝑖=1

𝑝(1−𝑝)
        ⇒ ∑ 𝑥𝑖

𝑛
𝑖=1 ∑ 𝑥𝑖

𝑛
𝑖=1

∑ 𝑥𝑖
𝑛
𝑖=1 ∑ 𝑥𝑖

𝑛
𝑖=1 − 𝑛𝑝 + 𝑝∑ 𝑥𝑖

𝑛
𝑖=1 = 0

∑ 𝑥𝑖
𝑛
𝑖=1      ⇒

∑ 𝑥𝑖
𝑛
𝑖=1

𝑛
�̅�

�̂� �̅�



α



 Properties of Estimation

μμ

θ̂θ

θ̂, θ

θ̂θθ̂, θθθ)

θ̂− θ [ 𝐸θ̂  𝐸θ̂  θ[2

θ̂− θ [ θ̂ θ̂ θ̂  θ ]2 

= (θ̂− θ [ θ̂ θ̂ ] [ θ̂ θ̂ ][ θ̂− θ ]+E[ θ̂− θ]2 

[ θ̂ θ̂ ][ θ̂− θ ]=0]]  

θ̂− θ](θ̂θ̂)[E]+θ̂θ̂[

[E θ̂) (θ̂ ]0=⇒    E(θ̂)  θ ⇒ E(θ̂)  θ

[E θ̂) (θ̂ θ̂

θ̂



�̅�μ�̅�  μ

σ2

 
(𝑛−1)σ2

𝑛
≠ σ2

θ

θ̂θθ̂

θ̂θ̂

E θ̂)  θ

�̅�μ

�̅�
1

𝑛
∑ 𝑥𝑖𝑛
𝑖=1 )

1

𝑛
∑ (𝑥𝑖)𝑛
𝑖=1 =

1

𝑛
∑ μ𝑛
𝑖=1 =

1

𝑛
 μ  μ

�̅�μ



∑ (𝑥𝑖𝑛
𝑖=1σ

2̂

σ2

⟦∑ (𝑥𝑖𝑛
𝑖=1 − μ) − (�̅� − 𝜇⟧

1

𝑛

1

𝑛
∑ (𝑥𝑖𝑛
𝑖=1�̂�2

�̂�2
1

𝑛
⟦∑ (𝑥𝑖𝑛

𝑖=1 − μ)2 − 2(xi −  μ)(�̅� −  𝜇)⟧

�̂�2
1

𝑛
⟦∑ 𝐸(𝑥𝑖𝑛

𝑖=1 − μ)2 − n(xi −  μ)22nE(�̅� −  𝜇)(�̅� −  𝜇)⟧

�̂�2
1

𝑛
⟦∑ 𝑠2 + 𝑛𝑉(�̅�) − 22𝑛𝑉�̅�⟧

�̂�2 σ2 (�̅�)
𝑠2

𝑛

1

𝑛

𝑛−1

𝑛
≠ σ2

 ≠ σ2�̂�2
1

𝑛
∑ (𝑥𝑖𝑛
𝑖=1�̂�2

�̂�2
𝑛−1

𝑛
)

(
𝑛−1

𝑛
) �̂�2 ⇒ (

𝑛−1

𝑛
)�̂�2

∑ (𝑥𝑖𝑛
𝑖=1 −xi)2

𝑛−1

σ2

∑ (𝑥𝑖𝑛
𝑖=1 −xi)2

𝑛−1

1

𝑛
∑ (𝑥𝑖𝑛
𝑖=1 − xi)2�̂�2

θ̂)



θ̂θ̂θ̂

𝜃θ̂θ̂

λ�̅�

1

5
�̅�λ

�̅�

�̅� 𝜇𝜇 = 𝜆�̅�λ

�̅�

�̅�) = ⟦
1

5
(x1, 3x2, x3⟧

�̅�)
1

5
x1)

3

5
x2)

3

5
x3)

λ

5
+
3λ

5
+

λ

5
=
5λ

5
= λ

�̅�)  λ

λ

�̅��̅�

�̅�
∑ 𝑥𝑖𝑛
𝑖=1

𝑛

1

𝑛2
∑ 𝑣𝑥𝑖
𝑛
𝑖=1

1

𝑛2
∑ 𝜎2𝑛
𝑖=1

1

𝑛2
∑ 𝑛 𝜎2𝑛
𝑖=1

λ𝜎2  λ�̅�) =
λ

𝑛
=

λ

3

�̅�

�̅�) = ⟦
1

5
(x1, 3x2, x3⟧

�̅�) =
1

25

1

25
λ  λ  λ)

11

25
( λ



�̅�) =  
11

25
( λ

�̅� ) =
λ

3
 �̅�) =  

11

25
( λ)�̅� �̅�

�̅� ) =
λ

3
< �̅�) =  

11

25
( λ)

μ�̅�

μ
𝜎2

𝑛
�̅� )

θ̂θ

θ̂ ≥
1

𝑛𝐸(
𝜕𝐼𝑛𝑓(𝑥)

𝜕𝜃

2
)

θ̂𝜃

θ̂
1

𝑛𝐸(
𝜕𝐼𝑛𝑓(𝑥)

𝜕𝜃

2
)

μ𝜎2�̅�



�̅� μ�̅�  μ

�̅�

1

𝜎√2𝜋
𝑒−

1

2
(𝑥−𝜇)

𝜎
         −∞< < ∞

(
1

𝜎√2𝜋

1

2𝜎2
𝜇

𝜎√2𝜋
1

2𝜎2
𝜇

𝜕𝐼𝑛𝑓(𝑥)

𝜕𝜇

1

2𝜎2
𝜇

𝑥−𝜇

𝜎2

⟦
𝜕𝐼𝑛𝑓(𝑥)

𝜕𝜇
⟧ ⟦

𝑥−𝜇

𝜎2
⟧

⟦
𝜕𝐼𝑛𝑓(𝑥)

𝜕𝜇
⟧

1

𝜎2
𝜇

1

𝜎2
𝜎2

𝜎4
1

𝜎2

⇒
1

𝑛𝐸⟦
𝜕𝐼𝑛 𝑓(𝑥)

𝜕𝜇
⟧
2

1

𝑛
1

𝜎2

1
1

𝜎2

𝜎2

𝑛

�̅�
∑ 𝑥𝑖
𝑛
𝑖=1

𝑛

1

𝑛2
∑ 𝑉(𝑥𝑖
𝑛
𝑖=1 )

1

𝑛2
𝑛𝜎2

�̅�) =
1

𝑛𝐸⟦
𝜕𝐼𝑛𝑓(𝑥)

𝜕𝜇
⟧
2�̅�



�̅� 𝜇 �̅�
𝜎2

𝑛 𝑛→∞
→   0

θθ̂

θ θ

lim
𝑛→𝑛

p {|θ, θ̂| ≥ c} → 1

θ̂θ

θ̂θ

lim [𝐴⏟
θ

]

𝑥→∞

→ 0

𝜇𝜎2

𝜎2

⟦
∑ (𝑥𝑖𝑛
𝑖=1 −xi)2

𝑛−1
⟧ 𝜎2

⟦
∑ (𝑥𝑖𝑛
𝑖=1 −xi)2

𝑛−1
⟧



1

𝑛−1
⟦∑ (𝑥𝑖𝑛

𝑖=1 − xi)2⟧
1

𝑛−1
∑ 𝑉(�̅�𝑛
𝑖=1 )

1

𝑛−1
𝑛
𝜎

𝑛

2

lim
𝑛→∞

V(S2) lim
𝑛→∞

𝜎2

𝑛−1

θ̂θ

θθ̂θ

θ ⟦θ, θ̂⟧ ⟦(x1, x2,……xn θ̂)⟧

�̅�
1

3
�̅�

1

6

�̅�
1

3

1

3
𝜇 𝜇 𝜇 𝜇

�̅�
1

6

1

6
𝜇  2𝜇  3𝜇 𝜇

𝜇

�̅�
1

9

1

9
𝜎2 𝜎2 𝜎2

1

3
𝜎2

6

18
𝜎2

�̅�
1

36

1

36
𝜎2 𝜎2 9 𝜎2

14

36
𝜎2

7

18
𝜎2

�̅��̅��̅�



 θ

 θ)θ
𝑥

= θ

θ =∏ θ
𝑥𝑖
(1 −  θ)1−x𝑛

𝑖=1 ,

θ =θ
∑ 𝑥𝑖
𝑛
𝑖=1

θ =θ
𝑛�̅�
(1 − 0)𝑛−�̅�

�̅�

�̅�θ



 

 𝜇𝜎2

𝜇

 λ�̅�

 

 �̅�

1

5
�̅�

𝜎2



 Interaval Estimation

±

%%

%

%

𝜇�̅�𝜎�̅�


